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1. Introduction. In this paper we consider some questions on the bound-

ary behavior and uniqueness of solutions of the one-dimensional heat equa-

tion in the infinite strip 0<t<c and in the half plane 0<t< w. For con-

venience we adopt the following notation.

Suppose that u = u(x, t) is defined over some domain 8 in the x/-plane. We

say that uEH in 5 if u has continuous second partial derivatives and if

ut = uxx at each point of 5. We say that uEH+ in 5 if, in addition, u^O in

5 and that uEHA in 8 if u =ut — «2 where «i, u2EH+ in 8. Clearly H+EHA.

By a well known theorem due to Widder [19] uEHA in 0<t<c if and

only if u has the representation

/OO

k(x - y, t)da(y)
-CO

in 0<f<c, where a=a(x) has bounded variation over each finite interval,

where the integral is absolutely convergent in this strip, and where k(x, t)

is the Poisson kernel

1
k(x,t) =-e-'i".

(4,r01/2

(See also [7].) If we assume, as we clearly may, that a is normalized, i.e.

a(x + 0)+ a(x - 0)
(1.2) a(x) =-

for all x, then

/I z2 u(y, t)dy
*i

for all Xi, x2. (See [3] or [21 ]. This is also a simple consequence of Theorem

1.) Hence with each uEHA in 0<t<c we can associate an a, unique except

for an additive constant, satisfying (1.1), (1.2), and (1.3). If we think of

u(x, t) as the temperature of an infinite insulated rod, extended along the

x-axis, at the point x of the rod and at time /, then a(x) represents the heat

distribution in the rod at time t = 0.
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Solutions of the heat equation and harmonic functions have many similar

properties and in this paper we obtain the analogues, for functions in 77A

over 0<t<c, of several well known theorems concerning functions which are

harmonic in a half plane or, alternatively, which are harmonic in the unit

circle. In §2 we consider various forms of the Fatou theorem and obtain

information on the behavior of w(x, t) as (x, /) approaches (x0, 0) from in-

formation on the behavior of a(x) near xo. A simple example shows that, in

general, it is not possible to invert the results of §2 and obtain information

on the behavior of a(x) near x0 from the behavior of m(x, t) near (xo, 0). How-

ever, in §3 and §4, we restrict our attention to the important subclass of func-

tions in 77+ and we obtain the "corrected converses" or Tauberian theorems

corresponding to the Abelian theorems of §2. (For functions in 77A and in 77+

over 0 <t < oo we establish analogous relations between the behavior of w(x, t)

as t—>co and the behavior of a(x) for large x.) In §5 we list some uniqueness

theorems and in §6 we give an analogue for an inequality due to Fejer and

F. Riesz.

2. Fatou theorem. For each o>0 we let 5(cx, x0) and Pia, x0) denote, re-

spectively, the following sector and parabolic domains:

Sia, xo) = {(x, t): \ x — x01   < at, t > 0},

Pia, xo) = {(x, /): | x - xo |   < at1'2, t> 0}.

From the identity

/"I    x      "                     1       /n+l\
-   kix, l)dx = -TI-), n > - 1,

it is not difficult to show that, for each c>0, there exists a constant G = Ci(a)

< oo such that

/°° C °° Ci
| ykyix -y,t)\dyS Cu      J     I y*™(* -y,l)\dyS —

for all (x, t)EPia, 0).
For functions in 774 we have the following "localization" theorem.

Lemma 1. Suppose that wG77A in 0<t<c and that d>0. Then, for each xo,

(2.2) f kix - y, t)daiy) = c(l),   f Ux - y,t)daiy) = o(—\
J lv-*ol><« J lv-*ol><! \ t '    /

as ix, t)-*ixo, 0), OO, and

f kix-y,t)daiy)=o(—-\
(2.3) J,"-,<d V'7

f Ux - y, l)daiy) = o( — )
J li/-*ol«* > ' '



1960] SOLUTIONS OF THE HEAT EQUATION 339

as t—* co, uniformly in x.

Proof. For the first part of (2.2) fix 0<i<c. The inequalities \x — x0\

<d/2, \y-Xo\ >d, 0<t<b/S imply that

1
k(x - y,t) g-— e-^i^'e-^-^'*" = dk(d, 8t)k(x0 - y, b)

where C2 = (327r&)l/2. Hence we obtain

f *(* - y, t)da(y)   g> dk(d, 80 f   k(x0 -y,b)\ dct(y) \

for |x —x0| <d/2, 0<t<b/S, and, since k(d, &t)—>0 as /—>0, the desired con-

clusion follows directly. A similar argument yields the second part of (2.2),

and (2.3) is an immediate consequence of the inequalities,

1 i 1
(2.4) *(*, I) g -, kx(x, t)    g-

OO1'2 (4»01/2/

for all (x, t) in 0«< co.

Functions in HA satisfy the following order condition near the line I = 0.

Lemma 2. Suppose that uEHA in 0<t<c. If a is continuous at x0, then

(2.5) •   u(x, t) = o(—\       Uxix,t) = o(—J

as (x, t)-+(xo, 0), t >0. If a has a jump of\ at x0, then, for each a>0,

(2.6) u(x, t) ~-»        ux(x, t) = o (— J
(4^/)i/2 V / /

as (x, t)—>(x0, 0), (x, t)ES(a, x0).

Proof. If a is continuous at Xo, we can find a c£>0 such that

f \da(y)\ <«•

Next we can differentiate both sides of (1.1) [19] and, with (2.2) and (2.4),

we conclude that

l«(x,Ol ^—-Mi),      Ux(x,0l =S—-\-o(-J

as (x, t)—>(xo, 0), />0. Hence (2.5) follows. If a has a jump of X at Xo, we

write a=ac+aj, where ae is continuous at Xo and where ay is constant except

for a jump of X at x0. Then
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«(x, 0=1    kix — y, t)daciy) + X/fe(x — x0, /),

and (2.6) follows from (2.5).

We consider next the following two versions of the Fatou theorem for

functions in 77A. The (x, <)—>(xo, 0) parts of each of these results are known

[15] but proofs are included for the sake of completeness. We let Pa(xo)

denote the symmetric derivative of a at xo, i.e.

a(x0 + h) — a(x0 - h)
7>a(xo) = hm- •

»-k) 2h

Theorem 1. Suppose that uEHA in 0<t<c. If Da(x0)=A, then, for each

a>0,

(2.7) u(x, t) -> A

as (x, t)-^(x0, 0), (x, t)ES(a, x0). Suppose that uEHA in 0<t< <*>. If

a(xo + x) — a(xo — x)
-> A

2x

as x—> oo, then u(x0, t) —* A as /—> oo.

Theorem 2. Suppose that uEHA in 0<t<c. If a'(x0)=A, then, for each

a>0,

(2.8) m(x, i)-+ A,       uzix, I) = o(—j

as ix, t)—*(x0, 0), (x, t)EPia, x0). Suppose that uEHA in 0<t< oo. //

a(x0 + x) — a(x0)
—-> A

x

as |x|—»oo, then, for each a>0, (2.8) holds as t—><*>, (x,/)GP(a, x0).

Proof of Theorem 1. If we replace a(x) by a(x) —a(x0) and x by x—x0, we

see we can assume that a(xo)=0 and that x0 = 0. The hypotheses for the

first part of the theorem are then that

a(x) — a( — x)

(2.9) —--^A
2x

as x^0 + . If we let

1
(2.10) z = y2,        S = —> I3(z) = a(y) - a(-y),

4/

we can write
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(2.11) u(0,t)= f   k(y,t)da(y) =(-^)    ff-dfi(*).

Because of (2.2), we can assume that a(x) is constant for large x and hence

that the Laplace integral in (2.11) converges for 0<.s<ao. From (2.9) we

see that

0(«)
(2.12) -^--+2A

gl/2

as z—>0 + , and applying a well known Abelian theorem for the Laplace trans-

form [20, p. 182] we conclude that

(2.13) (^-\    f°e-»dl3(z)->A

as 5—> co. Hence

«(0, 0 -> A

as t—>0 + , and the convergence in S(a, 0) is an immediate consequence of

Lemma 2.

The hypotheses for the second part of Theorem 1 imply that the Laplace

integral in (2.11) converges for 0<s<co and that (2.12) holds as z—><».

Appealing to the same Abelian theorem we obtain (2.13) as s—>0+ and this

completes the proof.

Proof of Theorem 2. As in the proof for Theorem 1 we can assume that

a(x0) =0, x0 = 0. Furthermore, since

k(x - y, t)d\a(y) - Ay] + A,
-oo

we need only consider the case where .4=0.

The hypotheses for the first part of Theorem 2 imply We can find a d>0

such that

(2.14) | a(x) | ^ e| x| , e > 0,

lor \x\ ^d. Then (2.2) and an integration by parts yield

u(x, f) = -   I ky(x - y, l)a(y)dy + o(l),
J \y\id

(2.15) •

Ux(x, I) = + I        kyy(x - y, t)a(y)dy + o ( — )
J \v\s* Xt1'2/

as (x, 0—>(0, 0), />0. Appealing to (2.14) and (2.1), we conclude that
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| «(x, t)\   S a f °° | ykyix -y,t)\dy + oil) S eCi + oil),
J -a,

\uxix,l)\  ztfjykyvix-y,t)\dy + o(^S~ + o(^

as (x, /)—>(0, 0), (x, t)EPia, 0). This completes the argument.

The hypotheses for the second part of Theorem 2 imply that (2.14) holds

for |x| *zd. From (2.3) and integration by parts, we obtain (2.15) as t—»oo,

uniformly in x, with the integration taken over the range |y| ^d. The proof

is then completed as before.

We will require the following results in §§3-4 and in §5, respectively.

They can be obtained with trivial modifications of the argument used in the

proof of Theorem 2.

Corollary 1. Suppose that «G77A in 0<t<c. If

a(xo + x) — a(xo)
(2.16) -— = Oil)

x

as x—»0, then, for each a>0,

(2.17) u(x, t) = 0(1),       «,(*, 0 = °{jrt)

as ix, *)->(x0, 0), (x, t)EPia, x0). Suppose that «G77A in 0<l< oo. If (2.16)

holds as |x|—>oo, then, for each a>0, (2.17) holds as t—*<*>, ix, t)EPia, x0).

Corollary 2. Suppose that wG77A in 0<t<c. 7/a'(x0) = =° (—<»), then

m(x0, /)—» oo (—oo)

as t-+0 + .

3. Converses for the Fatou theorem. We begin with an example which

shows that, in general, Theorems 1 and 2 cannot be inverted (cf. [12, p. 246]).

Theorem 3. There exists a function uEHA in 0<t< oo such that, for each

a>0,

(3.1) «(x, 0 -»0,        «,(*, 0 = o (-^

as ix, /)—*(0, 0), (x, t)EPia, 0), and as t—*<*>, (x, t)EPia, 0), and such that

aix) — ai — x) aix) — a( —x)
(3.2) lim inf-< lim sup-

2x 2*

as x—>0 + and as x—> oo.
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Proof. Let a be the normalized function defined as follows:

2" 2" < x < 2" + b„,

a(x) =   2"-1       x = 2n, 2" + bn,      n = 0, ± 1, +2, • • •

.0 everywhere else.

The bn are chosen so that 0<6B<2" and so that

OO

(3.3) 23 2~n°« < "•
n——oo

Then (3.2) holds as x—>0+ and as x—>«>. With the Law of the Mean we ob-

tain

k(x - y, t)da(y) =   23  2"bnkx(x - y„, 0,
-oo n—oo

where 2"<yn<2"-r-in<2"+1. Fix o>0. It is not difficult to see that

,up        | kx(x - 2y, 0 |   = —      "up       | kx(x - y, 0 I    <  °°
(x,t)eP(.a,0) 4   (i,i)ep(«.o)

for each y9*0. Hence for (x, t)EP(a, 0) we have

| kx(x - yn, I) |   S    8UP | *.(«-- y„, t) |   = 4-»    aup    |   k(s - 2-"yn, 0 |
(x,t)eP(.a,o) (i,()ep(«,o)

(3.5) . .
g 4~» ™p |A,(* - y, 0 I = 4-» C3

(i,l)sP(a,0)jl<V<2

for« = 0, ±1, +2, • ■ • .where C3 = C3(a)< co. From (3.3) and (3.5) we con-

clude that the series in (3.4) is uniformly convergent in P(a, 0). Since

kx(x - yn, t)-*0

as (x, /)—>(0, 0), t>0, and as t—><x, uniformly in x, the first part of (3.1)

follows directly. The above argument can be modified to show that the series

00

1II2UX(X, 0   =     23    2"bntll2kxx(x  -  Zn, t), 2"   <Zn   <2" + bn
n—oo

is uniformly convergent in P(a, 0), and the second part of (3.1) follows from

the fact that

<1/2Mx ~ Zn, /) -> 0

as (x, t)—>(0, 0), />0, and as t—>«>, uniformly in x.

Theorem 3 shows that the unrestricted converses for Theorems 1 and 2

are false. However, if we consider the important subclass H+, the situation is

quite different and we have the following results. (Cf. [6] and [12].)
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Theorem 4. Suppose that uEH+ in 0<t<c. If, for some a,

(3.6) m(x0 + at, t) —> A

as t—>0 + , then Da(x0) =A. Suppose that uEH+ in 0<t< oo. //

«(x0, t) —> A

as /—> oc , then

a(xo + x) — a(xo — x)
-> A

2x

as x—> oo.

Theorem 5. Suppose that uEH+ in 0<t<c. If, for some a and b,

(3.7) u(x0 + at1'2, t) -> A,       u(x0 + bt112, t) -> A, a^b,

as I—>0 + , /Aew a'(xo) =A. Suppose that uEH+ in 0<t< oo. If, for some a and

b, (3.7) /jo/ds as t—* oo, /Aen

a(x0 + x) - a(x0)
(o . o) -—> /I

X

as |x| —>co.

Theorem 6. Suppose that uEH+ in 0<t<c. If, for some a and b,

(3.9) «(x0 + at1'2, t)-*A, ux(xo + bt1'2, t) = o(—)

as t—>0 + , then a'(x0) =A. Suppose that uEH+ in 0 <t < <*>. If, for some a and

b, (3.9) holds as t—> oo , then (3.8) holds as | x| —> oo.

Proof of Theorem 4. Assume that a(x0) =0, x0 = 0, and consider the first

part of Theorem 4. From (3.6) and Lemma 2 we see that

u(0, t) -> A

as /—>0 + . Now define z, s, /3, as in (2.10). The hypothesis that uEH+ implies

that /3 is nondecreasing and, with (2.2), we can assume that the Laplace

integral in (2.11) is convergent for 0<s< oo. From the above we conclude

that (2.13) holds as 5—>oo and we obtain (2.12), as z-^0 + , from a well known

Tauberian theorem for the Laplace transform [20, p. 192]. This completes

the proof for the first part of Theorem 4. The argument for the second part

is very similar.

The proofs for Theorems 5 and 6 are more complicated and depend upon

a number of preliminary results.

We begin with some definitions [8]. We say that fEM it f is continuous

in 0<x< oo and if
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00

23    max   ! xf(x) | < co.
n^-K   2"Sl<2"+>.

For such functions we adopt the notation

(3.10) F(jx) =  f f(x)x*"dx, F = F(0),
J o

where p is real. We say that aE V il a has bounded variation over each finite

interval in 0<x< co and if

/'2x | da(y) |

x       y

is bounded for(2) 0<x< <*.

We have next the following variant of the Wiener Tauberian theorem

[6, Corollary l].

Lemma 3. Suppose that fi, ft, gi, giEM, that a, /?£ V, that a, /? are monotone,

that a(0) =j8(0) =0, and that

(3.11) Fi(n)Gi(n) - Fi(u)Gi(u) 9* 0

for all real p. If

- f   My/s)da(y) +-(   fi(y/s)df)(y) -> A,
s J o s J o

— f  gi(y/s)da(y) + — f gt(y/s)dfl(y) -» b
s J o s J o

as 5-^0+ (co), then

a(x)        AGi - BFi /?(*)        BFi - AGi

x        Fid - Fid' x        Fid - F2Gi

as x^0+ (°°).

In the proof of Theorems 5 and 6 we use the following result to show that

condition (3.11) is satisfied for a special set of functions.

Lemma 4. For real x and p let

/, ooe-iv-*)*yi*dy,
0

/► ooe-(»+*>V'rfy.
o

(2) IffE M and a E V, then the integral f tf{x)da{x) is absolutely convergent. In particular

d f EM, then/ is Lebesgue integrable over 0 <x< oo.
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Then, for each fixed p,

(3.12) Bi(a)62(b) - 82(a)6i(b) 5* 0

for all a and b, a^b, and

(3.13) 61(0)81 (b) - e2(a)6{ (b) 5* 0

or all a and b.

Proof. If w = w(x) is any solution of the differential equation

(3.14) w" + 2xw' - 2ipw = 0,

then a standard calculation yields

]b p b nb

=  I   e*21 w' 12dx + 2ip I   e*1 \w\2dx
o ^ a J a

for real a and b, where the bar denotes complex conjugate. (Cf. [10, p. 509].)

If w is a nontrivial solution of (3.14) with w(a) =0, then

R{w(b)w'(b)} = e-"2 f e*2| w'\2dx > 0,

where R(z) denotes the real part of the complex number z. We conclude that

w has a as its only real root and that w' has no real roots at all.

Now suppose that (3.12) does not hold for some a^b. Then we can find

a nontrivial pair of constants A and B such that

(3.15) w(x) = AOiix) + B62ix)

has real roots at a and b. By differentiating under the integral sign it is easy

to verify that w, as defined in (3.15), is a solution of (3.14). Hence, by the

previous argument, w = 0. But this is clearly impossible since, for x = 0, the

Wronskian of di and 62 is simply

-2^(0)^(0) = - r^-±-^Wi + jj 5* 0.

Similarly if (3.13) does not hold we can find a nontrivial pair of constants A

and B such that w, as defined in (3.15), has a root at a and such that w' has

a root at b. Again this implies that w = 0 and we obtain a contradiction as be-

fore.
Finally we require the following partial converse for Corollary 1.

Lemma 5. Suppose that uEH+ in 0<t<c. If, for some path yEPia, x0),

(3.16) «(*,/) = 0(1)

as ix, t)—*ix0, 0), (x, t)Ey, then
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«(xo + x) — o(xo)
(3.17) -1-^=0(1)

x

asx-»0. Suppose that uEH+in 0<t<&. If, for some path yEPia, x0), (3.16)

holds as t—>co, (x, t)Ey, then (3.17) holds as |x|—>«>.

Proof. Assume x0 = 0. Then (x, t)EPia, 0) and |y| tit1'2 imply that

1 , Ci
k(x - y, 0 = —-■<r<1+">2/4 =-

(4tt01/2 2/1'*

where Ci = d(a)>0. Since uEH+, a is nondecreasing and we obtain

a(/i/i) _ ai-t1'*)        1   rtm «(*,0
(3.18) 0 g -i—- ^ — I       *(* - y, /)<fa(y) ̂ -LLi

for (x, t)EyEPia, 0). Both parts of the lemma follow from (3.16) and (3.18).

We consider now the proofs for Theorem 5 and Theorem 6.

Proof of Theorem 5. We begin with the first part of Theorem 5. Let

a(xo) =0, Xo = 0, and, for convenience, replace a by 2a and b by 2b in (3.7).

Then we can write

ui2ai1'2,t) =- f    e-[(W2(i,)-a"^a(y) =-f   e-t(w.)-«i^a(v)
(4ir01/2«/-» S   n-1'2./--,*,

= - f Kfiiy/s)da(y) + -f fi(y/s)dp(y),
s J o s J o

where s = 2tx'2, fi(x)= —a(—x), and

1                                        1
fax) =-g-^")1,      /,(*) =-e-(-+«>s.

Similarly, we can write

«(2^2, 0 = - f   gi(y/s)da(y) + - f   gi(y/s)d0(y),
S J o S  J o

where 5 and /8 are as above and where

1 1
6 v '      Tm '       s v '      „.i/2

The hypotheses (3.7) now imply that

- f  fi(y/s)da(y) +-f  My/s)dp(y) -» 4,

(3.19) SJ° W°
If"                          If"

— I    gi(y/s)det(y) H— I    g*iy/s)d0(y) -* 4
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as 5—>0 + . To complete the proof we will show that Lemma 3 can be applied

to (3.19).

Since/i, f2, gi, g2 are continuous in 0^x< oo and are 0(l/x2) for large x,

it follows that all of these functions are in M [8, p. 299]. Obviously a and j3

are monotone and a(0) =/3(0) =0. From (3.7) and Lemma 5 we obtain

/'2x    da(y) a(2x) — a(x)L—^Li^-LJ.-- = 0(1),
x        y x

(3.20)
/<2x    d@(y) a(-x) - a(-2x)1          ' S- = 0(1)

x         y x

tor 0<xSd, and, appeahng to (2.2), we see we can assume that (3.20) holds

for 0 <x < oo. Hence a, PE V. Using (3.10),

1 1
FlW = ~yfT 6l(a)> F^ = —^ 02^'

1 1
d(p) = —- diib),     g2(m) = —- e2ib),

IT11' IT11'

tor each real p, where 0i and 92 are as defined in Lemma 4, and hence

Fiip)G2ip) - F2ip)Giip) 5* 0

by (3.12). Finally since

FiG2 — F2Gi = Fi — Gi = G2 — 72,

we can apply Lemma 3 to (3.19) to conclude that

a(x)                     — a( — x)        8(x)
(3.21) —^-+A,-~ = ?A-L-+A

as x—>0 + , and hence that a'(0) =A.

For the second part of Theorem 5 proceed as before. The hypothesis (3.7)

now implies that (3.19) holds as .s—>oo, and, with Lemma 5, we obtain (3.20)

for dSx< =0. Then (2.3) allows us to assume that (3.20) is valid for 0<x< 00

and again a, PE V. The proof is then completed by appealing to the s, x—> =o

part of Lemma 3.

Proof for Theorem 6. Let a(x0) =0, x0 = 0, and replace a by 2a and b by

2b in (3.9). Then arguing as before and differentiating under the integral

sign in (1.1) we obtain

«(2a/"2, t) = — f   fi(y/s)da(y) + — f My/s)dMy),
s J 0 s J 0

t1'iUxi2bt1'\t) = — f   gi(y/s)da(y) + — f   g,(y/s)d0iy),
s J 0 s J 0
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where s = 2t112, (3(x) = —a(x), and where

1                                           1
f,(x) = -e-(*-^ ,       f2(x) = -e-<*+a) ,

x — b            ,                             x + b ,
gl(x) = -e-<*-6> ,        g2(x) =-e-<*+i,> .

The hypotheses for the first part of Theorem 6 then imply that

- f   My/s)daiy) + - f   ftiy/sWiy) -> 4,
5   •/ 0 5   J o

(3.22)

- f   g,(yA)<fa(y) + - f   gt(y/s)dp(y) ^ 0

as 5—>0 + . Now/1,/2, gi, f2 are in A7, a and /3 are monotone with a(0) =/3(0) =0,

and the argument of Theorem 5 shows we can assume that a and /3 are in V.

Since

1 1
FiGi) = —- Oiia),        FtOi) = —— 62(a),

T1U TV11'

Gii»)=^e{(b),       GA.)=-L-o{(b),

we see from (3.13) that

F,(m)G2(m) - F2(p)Gi(p) 5* 0

for all real p. Hence we can apply Lemma 3 to (3.22) and, since

r 1G2 — 12G1 = Cz2 =  — Gi,

we conclude that (3.21) holds as x—>0 + . This completes the proof for the first

part of Theorem 6. The proof for the second part follows similarly.

4. Additional remarks. In the first part of Theorem 4 we ask that u-+A

as (x, t)—>(xo, 0) along one ray. In the first part of Theorem 5 we ask that

u—>A as (x, /) —>(x0, 0) along two different parabolic arcs, i.e. the curves

x = xo + at112,        x = Xo + bl112, a 5* b.

The following example shows that two arcs are required in the hypotheses of

Theorem 5.

Theorem 7. Given any fixed number a, there exists a bounded uEH+ in

0<t< 00 such that

u&t1'2, t) = 1

for 0<t< co and such that, for each b^a,
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lim inf m^1'2, t) < lim sup u(bt1'2, t)

as t—+0+ and as t—> co.

Proof. For convenience replace a by 2a and b by 2b. Then let/i,/2, gi, gi

be as defined in the proof for Theorem 5 and, using (3.10), let

a(x) =x+RlFs(ll)——-Kl
K        ip + 1)

-a(-x) = x - RiFib)——}
\        t/t + V

for 0^x< oo, where p.9*0 and where R(z) again denotes the real part of the

complex number z. Since

|FiG0|  £ —- fY<—>'<**< 1,
T1'2  Jo

| F2(/x) I  ^ -— f   <r<*+°>2cfx < 1,
7TI''!  Jo

we see that 0<a'(x) <2 for x^O, and hence that

/» .»  00

£(x - y, t)da(y) =   I     *(x - y, t)a'(y)dy
-OO J -OO

is bounded and in H+ over 0<t< oo. Following the proof for Theorem 5 we

have

u(2at1'2,t) = - f fi(y/s)da(y)-f fi(y/s)da(-y)
s J o s J o

(Fi(u)  f" Fi(ji)  /•" )
= 1 + R<- I   fi(y/s)yi"dy-|   fi(y/s)yi»dy\

\    s    J o s    J o J

= 1 + R{s*[Fi(n)Fi(p) - FxGOF.GO]} = 1

for 0<f< oo, s = 2P'2. Similarly

u(2bt1'2,t) = — f   gi(y/s)da(y)-f   gi(y/s)da(-y)
s J o s J o

= 1 + R{s<>[Fi(u)Gi(p) - Fi(jjt)Gi(p)}}

lor 0<t< oo. Since bj*a, (3.12) yields

H(u) = Fi(u)Gi(u) - FiGOCGO r* 0,

and we conclude that
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lim sup u(2bt1'2,1) - lim inf ui2bt1'2, t) = 21 H(ji) \   > 0

as t—*Q+ and as t—> oo. This completes the proof for Theorem 7.

It is clear, in the above example, that a'(0) does not exist and that

a(x)/x does not have a limit as |x|—>oo. Moreover, if we fix a5^0, it is easy

to see that 7>a(0) does not exist and that

aix) — a( —x)

2x

does not have a limit as x—»oo. Hence we conclude that, when a 5^0, the

hypothesis

«(x0 + at, t) —» A as / —* 0+,

in the first part of Theorem 4, cannot be replaced by the hypothesis

«(x0 + at1'2, t)-+ A as / -> 0+.

When P is any set in the x/-plane, we let Ec denote the part of E which is

contained in the half plane tSc. If we make use of the following maximum

principle (see [7] or [17]) for functions in 77, we can replace the two para-

bolic arcs in Theorem 5 by more general curves.

Lemma 6. Suppose that uEH in a bounded domain o with boundary y.

Given any c, if

lim sup  «(x, t) S A ix, t) G £*«
(x,t)-*{xl,tl)

for all (xi, ti)Eyc, then uSA in Sc.

Here, and in what follows, we let P/=P>(x0) denote an infinite domain

bounded by two disjoint arcs in 0 <t < oo which terminate at the point (x0, 0)

and which cross the line t = c for each 0<c< oo. We assume further that Dc

is bounded for each such c and we let r = r(x0) denote the boundary for D.

Theorem 8. Suppose that uEH in 0<t<c and that, for some 0<b<c, u is

bounded in Di. If

(4.1) «(x, 1)-->A

as ix, t)—>(x0, 0), (x, /)Gr, then (4.1) holds as ix, /)—>(x0, 0), (x, t)ED- Sup-

pose that uEH in 0<t< oo and that, for some b>0, u is bounded in D — Dt.

If (4.1) holds as t-*<*>, ix, t) ET, then (4.1) holds as *-> oo, ix, t) ED.

Proof. Consider the first part. For each e>0 we can find a>0 such that

\u—A\ <M in Da and such that

(4.2) | w(x, t) - A\   Se

for (x, t)ETa, ix, t)f*ix0, 0). Next for each ti>0 let
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v(x, l) = u(x, t) — A — M | k(x — y, t)dy.

Clearly vEU in 0<t<c. From (2.2) of Lemma 1 we see that

/k(x — y, t)dy'-^y 1

as (x, t)—>(x0, 0), t>0, and, with (4.2), we obtain

lim sup   v(x, 0 = « ix, t) E Da,

for all (xi, /i)Gro. Applying Lemma 6 to v yields

u(x, t)^A + e+Ml k(x — y, t)dy
J |l/-x0|S<i

for (x, t)EF>a, and letting d—>0+ we obtain u^A+e in Da. A similar argu-

ment gives u^A—e in Da thus completing the proof for the first part of

Theorem 8.

For the second part pick a>0 so that \u— A\ <M in D—Da and so that

(4.2) holds for all (x, t)EY —Y„. Yet y denote the boundary for D—Da. Since

Da is bounded we can find a d>0 such that ya, the part of y contained in the

'ine t = a, lies between the lines x= ±d. Now set

v(x, l) = u(x, t) — A — M \        k(x — y, I — a)dy.
J ll/l^d

Then vEH in a<t< cc and, again with (2.2), we see that for each |xi| <d,

/k(x — y, I — a)dy —> 1

as (x, t)—■»(xl, a), t>a. Since y=yayJ(Y — Ya) we conclude that

lim sup   v(x, t) ^ e (x, I) E D — Z?„,

for all (xi, <j)Gy. If we apply Lemma 6 to v over Dc — Da, a<c< °c , and then

let c—> co, we obtain

u(x, t)-£A + e+MI        k(x — y, t — a)dy
J \v\id

for (x, t)ED—Da. A similar argument yields

u(x, t) ^ A — e — M I k(x — y, t — a)dy
^ \v\id

for (x, t)ED—Da and since, by (2.4),
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I r d
kix-y,t- a)dy   S —-— -> 0

\J \v\id (*(t ~ a))1'2

as i—+oo, uniformly in x, \u—A | S2t in D — Dc for some c>a. This completes

the proof for the second part of Theorem 8.

The Phragmen-Lindelof type argument used in the proof of the first

part of Theorem 8 can be combined with a familiar step-by-step argument to

give the following variant of Lemma 6.

Corollary 3. Suppose that u is bounded above and that uEH in a bounded

domain 5 with boundary y. Given any c, if

lim sup   u(x, t) S A (x, t) E 8«

for all but a finite set of (xi, /i)GYo then uSA in 5C.

We can now prove the following extension of Theorem 5.

Theorem 9. Suppose that D(xo)EP(a, xo), for some a>0, and that D con-

tains two parabolic arcs through (x0, 0). If uEH+ in 0<t<c and if

(4.3) u(x, t) —> A

as (x, /)—>(x0, 0), (x, 0GI\ thena'(x0)=A. If uEH+ in 0<t< oo and if (4.3)

holds as /—>oo, (x, t)ET, then

a(xo + x) — a(xo)
-> A

x

as |x| —>oo.

Proof. The hypotheses for the first part of Theorem 9 imply that

(4.4) u(x,t) = 0(1)

as (x, <)—>(x0, 0) along some path in P(a, Xo). From Lemma 5 and Corollary 1

we conclude that (4.4) holds as (x, /)—>(xo, 0), (x, t)EP(a, Xo), and hence

that u is bounded in Dh for some 0<b<c. With Theorem 8 we see that (4.3)

holds as (x, 2)—>(xo, 0) along the two parabolic arcs in D and the desired

conclusion follows from Theorem 5. The proof for the second part is very

similar.

Corollary 4. If, in Theorem 9, u is bounded, we can drop the restriction

that D(xo) lie in some P(a, xo).

This is an immediate consequence of the above argument since this re-

striction is used only in proving that u is bounded in Db or in D — Db. On the

other hand, without boundedness it is clear that some such restriction is
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necessary. For if we let D be the domain bounded by the curve x* = t and set

u(x, t) =k(x, t), then

u(x, 0 -> 0

as (x, /)—>(0, 0), (x, t)EY. But the normalized a is constant except for a jump

of 1 at x = 0 and a'(0) = oo.

We conclude this section with a pair of remarks on steady state tempera-

tures which are trivial consequences of some of the preceding results.

Corollary 5. Suppose that uEH+ in 0<t< oo. If, for some x0,

(4.5) u(xo,t)-*A

as /—► oo, then, for each a > 0,

(4.6) u(x,t)-*A

as t—* co, uniformly in x in | x —Xo| <a.

Corollary 6. Suppose thatuEH+ in 0 <t < oo and that, for some 0 <c < co,

u(x, c) is monotone in x. If, for some xo,

(4.7) «(*,, 0 = 0(1)

as t—* oo, then there exists a constant A such that, for each o>0, (4.6) holds as

j—>oo, uniformly in x in |x—x0| <a.

Proof for Corollary 5. From (4.5), Lemma 5, and Corollary 1 we see that,

for each a>0,

«,(*,*) = o(—)

as/—>oo, (x, t)EP(a, x0). Thus when |x —x0| <a, t>l, we have

Q
I «(*, 0 - u(xo, 0 |   = —- >

fill

where Ct=d(a, u), and the desired conclusion follows from (4.5).

Proof for Corollary 6. Let xo = 0 and set v(x, t) =u(x, t+c). Then vEH+

in 0<f < oo and, with (1.3),

/OO y» X

k(x - y, t)dp(y),       fi(x) =  I   u(y, c)dy.
-oo J 0

If u(x, c) is nondecreasing or nonincreasing in x, it follows that /3(x)/x is

nondecreasing or nonincreasing, respectively, in x, x?*0. Next (4.7) and

Lemma 5 imply that /3(x)/x is bounded as |x| —»<». We conclude that

fi(x) -ff(-x)

2x
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has a finite limit A as x—>oo and hence, with Theorem 1, that

u(0, t)-> A

as /—»oo. The rest follows from Corollary 5.

In Corollary 6 we replace (4.5) by the weaker (4.7) and ask that the

temperature be monotone at some time t = c. Some such additional condition

is necessary. For let u he the bounded function of Theorem 7 with a 5^0 and

b = 0. Then (4.7) is satisfied,

lim inf «(0, /) < lim sup m(0, /),

and, with Corollary 5, we see that

lim inf u(x0, t) < lim sup u(x0, t)
I—* 00 f—.00

for all x0.

5. Uniqueness theorems. We consider here some one-sided uniqueness

theorems for functions in 77 over 0<t<c. We begin with the following pre-

liminary result.

Lemma 7. Suppose that a has bounded variation over each finite interval, that

(5.1) a(x - 0) ^ aix) ^ a(x + 0)

for all x, and that a'(x) < oo for all x, except an enumerable set, at which the

derivative exists. Then

/> X,

a'ix)dx
*i

for all Xi, x2, Xi<x2.

Proof. This is an immediate consequence of the de la Vallee Poussin de-

composition theorem [16, p. 127]. For let 7 denote the open interval Xi <x <x2,

let X denote the points in 7 where a is continuous, and let

PM = {x: a'ix) = oo, x E X},       P_M = {x: «'(*) = - oo, x E X}.

If p = p(P) denotes the signed measure corresponding to a, then the de la

Vallee Poussin theorem yields

(S • 2) uiX) = p(PM) + m(P-.o) + f a'ixfdx.
J x

By hypothesis Poo is at most enumerable and hence p(Poo) = 0. Clearly p(P_M)

^0 and, from (5.1), we see that

(5-3) p(7) = u(7 - X) + piX) S piX).

Since 7—X is enumerable we can combine (5.1), (5.2), and (5.3) to obtain
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/» X2

a'(x)dx
*i

as desired.

The following theorem extends results of Rosenbloom [15] and Widder

[19] and is a one-sided analogue of a theorem on harmonic functions due to

Lohwater [ll].

Theorem 10. Suppose that uEHA in 0<t<c. If

(5.4) \imu(x, 0 < 00

for all x at which this limit exists and if(3)

(5.5) lim u(x, I) =: A

for almost all x, then u^A in 0<t<c.

Proof. If a has a jump of X at x=xo, then, by Lemma 2,

X
u(x0, 0 ~-

(4T/)1'*

as t—>0 + , and, with (5.4), it follows that X<0. Hence, assuming that a is

normalized, (5.1) holds for all x. Next suppose that a has a derivative, finite

or infinite, at x0. Then, with Theorem 2 and Corollary 2, we see that

lim m(x0, 0 — a'(xo),
1^0 +

and we conclude from (5.4) that a'(x) < co for all x at which this derivative

exists. From (5.5) we obtain a'(x)^A for almost all x. Lemma 7 yields

a'(x)dx ^ A(xi — Xi)
xi

lor all xi, X2,   Xi <x2, and we conclude that

/oc n 00

k(x - y, t)da(y) = A j    k(x — y, t)dy = A
-00 J —00

in 0<t<c.

The following is an immediate consequence of Theorem 10.

Corollary 7. Suppose that uEHA in 0<t<c. If

lim u(x, t) = A
<-o+

(3) Since a has a finite derivative almost everywhere, the limit in (5.5) exists for almost

all x by virtue of Theorem 2.
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for all x, then u=A in 0<t<c.

Theorem 10 can also be used to obtain the following one-sided version of a

well known theorem due to Tychonoff [18].

Theorem 11. Suppose that uEH in 0<t<c. If

(5.6) u(x, t) = Me"1, M > 0, a > 0,

for all x, 0 < t < c, and if

(5.7) lim inf u(x, t) ^ A
t^o+

for almost all x, then u^A in 0<t<c.

Proof. Let 6 = Min (l/4a, c) and let

M
(5.8) V(X, t)   =  - e«x2/(l-4a«)g

(1 - 4a/)1'2

Then v, v — uEH+ in 0</<&. Hence uEHA in this strip and, with (5.7),

lim u(x, t) = lim inf u(x, t) g A
t->0+ I->0 +

for almost all x. From (5.6) we see that

lim u(x, t) ^ Meaxi < co

l-K) +

for all x at which this limit exists and, appealing to Theorem 10, we conclude

that u^A in 0</<&. If b<c, the proof is completed by a familiar step-by-

step argument [18].

Corollary 8. Suppose that uEH in 0<t<c. If (5.6) holds for all x,

0<t<c, and if

lim u(x, t) = A
t-*o+

for all x, then u = A in 0<t<c.

Proof. With Theorem 11 we see that u^A in 0<t<c. Hence A—uEH+

and uEHA in this strip, and Corollary 7 yields u = A.

We have next the following one-sided version of a recent theorem due to

Birkhoff and Kotik [l].

Theorem 12. Suppose that uEH in 0<t<c. If

J I xi
u(y, t)dy = Afe««*W), M > 0, a > 0,

xi

for all Xi, Xi, xi<x2, 0<t<c, and if
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(5.10) lim inf   f   uiy,t)dy S A{x2 - xf)
«-k>+   J,,

for almost all xi, x2,   Xi<X2, then uSA in 0<t<c.

Proof. By the last hypothesis we mean that (5.10) holds for all Xi, x2GP»

Xi <x2, where P is a set of measure zero in the x-axis. For each h>0 let

1   /•*
Vhix, t) = — I    «(x + y, t)dy.

2hJ-n

Then vhEH in 0<t<c and, from (5.9), we see that

Vkix, t) S Neh**

for all x, 0<t<c, where N=il/2h)Me2aK\ 6 = 2a. From (5.10) it follows that

lim inf »*(x, t) S A
(-K) +

for almost all x and, appealing to Theorem 11, we conclude that vhSA in

0<t<c. Finally

«(x, /) =  lim t>*(x, l) S A

in 0<t<c as desired.

With the aid of Theorem 12 we obtain the following extension of the

above mentioned theorem of Birkhoff and Kotik.

Theorem 13. Suppose that uEH in 0<t<c. If (5.9) holds for all Xi, Xj,

Xi<x2, 0<t<c, and if

/. xt «(y, t)dy = Aix2 — xf)
«i

for almost all xi, x2, then u=A in 0<t<c.

In the Birkhoff-Kotik theorem, the one-sided restriction (5.9) is replaced

by a two-sided condition equivalent to the following:

f 2«(y, t)dy   S Me'<*+A\ M > 0, a > 0,
\J *t

for all xlt x2, 0<t<c.

Proof. By Theorem 12 we see that uSA'mO<t<c and hence that «G77A

in this strip. Next if we assume, as we may, that a is normalized, then (1.3)

and (5.11) yield

uiy, l)dy = Aix2 — xf)
xi
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for almost all Xi, x2. Since (5.12) holds for all Xi, x2££, where £ is dense in the

x-axis, we conclude from a limiting argument that

a(x2) — a(xi) = A(xi — xi)

lor all Xi, Xi, and hence that u=A in 0<t<c.

The following is an immediate consequence of the above argument.

Corollary 9. Suppose that uEHA in 0<t<c and that E is a set dense in

the x-axis. If

/• xt
u(y, t)dy = A(x2 — Xi)

Xl

for all Xi, XiEE, Xi<x2, then u\^A in 0<t<c.

We require next the following variant of the parabolic maximum prin-

ciple, Lemma 6.

Lemma 8. Suppose that uEH in 0 </ <c and that 8 is the rectangle bounded

by the lines x=xif x = x2, Z = 0, t = c, where Xi<x2. //

(5.13) «(xi, 0 ^ A,       u(Xi, I) ^ A

for 0<t<c, and if, for each non-negative continuous function f(x),

(5.14) lim inf   f   f(y)u(y, t)dy = A f 'f(y)dy,
l-»0+     J xi J n

then u^A in 8.

Proof. We can obviously assume that .4=0. Next fix (x, t)E8 and pick

e>0 so that 0</+e<c. Then we can write

/'*«                                         I ' dGG(x, I; y, 0)u(y, e)dy + I    -(x, /; Xi, s)u(xu s + e)ds
xi                                          J o   dy

f' dG
—  I    -(x, /; x2, s)u(xi, s + e)ds,

Jo   dy

where G is the Green's function

1   (    (x-y    t - s\ /x + y - 2xi    I - s\)

where l = x2 — Xu and where 0$ is the Jacobi theta function

00

6z(x, /) = 1 + 2 23 «_bV' cos 2«ttx.
n-l

(See; [5] or [9] and make a change of variables.) Since
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dG dG
-ix, I; xi, s) S; 0,-(x, I; x2, s) ^ 0,
dy dy

we see from (5.13) that

J. XJ
G(x, /; y, 0)«(y, t)dy

xi

and, letting e—>0 + , we conclude from (5.14) that

/. X2

Gix, I; y, 0)uiy, t)dy S 0
xi

as desired.

We consider next the following extension of a uniqueness theorem due to

Cooper [2].

Theorem 14. Suppose that uEH in 0<t<c and that {xn} is a sequence,

defined for — 00 < n < 00 , such that x„—> <x> (— 00) as ra—> 00 (— co). If

(5.15) u(xn, t) S Meax", M > 0, a > 0,

for all n, 0<t<c, and if u converges weakly to A, over each finite interval, as

/—>0 + . then u = A in 0<t<c.

In Cooper's theorem, the one-sided restriction (5.15) is replaced by a two-

sided condition, namely that

I u(x„, I) I   S Meax», M > 0, a > 0,

for all n, 0<t<c.

Proof. Again we can assume that A =0. Next let 6 = Min (l/4a, c), define

v as in (5.8), and let w = u — v. li we pick xm<x„, then

(5.16) wixm,t) S 0,       wixn,l) S 0

ior 0<t<b and, by virtue of the weak convergence,

/» xn /» xn

fiy)wiy, t)dy S   lim f(y)u(y, t)dy = 0

for all non-negative continuous functions/(x). Lemma 8 yields uSv in the

rectangle bounded by the lines x=xm, x = xn, t = 0, t = b, and letting xm—>— =0,

xn—><x> we conclude that uSv in the strip 0<t<b. Hence wG77A in this strip.

The weak convergence also implies that

u(y, t)dy = 0
VI

ior all yi, y2 and, with Corollary 9, we obtain u = 0 in 0 <t <b. If b<c, the proof

is completed by a step-by-step argument.
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The preceding argument suggests still another one-sided variant of the

Tychonoff theorem similar to Theorem 11.

Theorem 15. Suppose that uEH in 0 <t<c and that {xn} is as defined in

Theorem 14. // (5.15) holds for all n, 0<t<c, and if

(5.17) lim sup u(y, t) _ A
(v,t)~>(x,o)

for all x, then u^A in 0<t<c.

Proof. Set j4 =0 and let b, v, and w he as defined in the proof of Theorem

14. Next fix xm<xn\ clearly (5.16) holds for 0<t<b. Then (5.17) implies

that

lim sup w(y, 0=0
(2/,n->(x,o)

for all x and, with Lemma 6, we obtain u^v in the rectangle bounded by the

lines x=xm, x = x„, / = 0, t = b. Arguing as before we conclude that uEHA in

0<t<b and Theorem 10 yields u^A in this strip.

Corollary 10. Suppose that uEH in 0<t<c and that \x„} is as defined

in Theorem 14. // (5.15) holds for all n, 0<t<c, and if

lim      u(y, t) = A
(y, i)-.(x,o)

for all x, then u=A in 0 <t <c.

6. Fejer-Riesz inequality. We conclude this paper with a heat equation

analogue of the following well known inequality [4] and [14].

Fejer-Riesz Inequality. Suppose that u = u(z) is harmonic in \z\ <1.

Then, for each 0 <p < 1,

/>. . 1   rT. .| ux(x) | dx ^ — I     I us(peiB) | dd.
-p L   J _„

This inequality has an important interpretation, namely that under any

conformal mapping of the unit disk onto a Jordan domain, the length of the

image of a diameter never exceeds one-half the length of the image of the unit

circle.

The following result suggests a new interpretation for this inequality.

Theorem 16. Suppose that uEHA in 0</< oo. Then, for each 0<c< oo,

/I   00 1 A   00 1 •»   OO

| ux(0, /) | rf/ = — I     I u(x, c) — «( — x, c) I dx ^ — I     | u(x, c) | dx,
c ^   •/ 0 2.   J _oo

/'  00 1 e\  00 1 y»  00

| ut(0, t) | dt = — I    | ux(x, c) — ux(—x, c) | dx = — I     | ux(x, c) \dx.
c JL  J 0 1   J _oo
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Proof. We begin by considering (6.1) in the special case where, for a fixed

y, m(x, /) =k(x—y, t). In particular we observe that, with s= |y|/2/1/2,

(If", 1
/' °°, , - I    e~' ds = — y 5* 0,

\kz(y,t)\dt = It1'2 Jo 2
o

.0 y = 0.

For the general case fix 0<c< oo. Then, since uEHA in 0<t< oo, we can

write

w(x, 1 + c) =  I    £(x — y, /)«(y, c)<7y,
«/  _oo

where the integral is absolutely convergent in 0 <t < oo. Differentiating under

the integral sign [19], we obtain

(6.4) «x(x, I + c) =  I    kxix - y, t)uiy, c)dy,
J _oo

and, with (6.3) and the Fubini theorem, we conclude that

/>   00 /»   00  j       /» OO
| «,(0, < + c) | A = I        kxi-y, t)uiy, c)dy dl

0 J Q       \J _M

= —- I     | «(y, c) - «(-y, c) | rfy.
2 •/ o

Hence we obtain (6.1). For (6.2) we can differentiate (6.4) with respect to x

to obtain

(6.5) m,(x, t + c) =   I    kzxix — y, t)uiy, c)dy.
J -oo

If 0 </i, t2< oo, we obtain

(ti + t2\m
(6.6) *(*!, t/)kix2, tt) S   -■)    *(*i + *i, 'i + h)

\   1-Khtt  /

from [13] or direct calculation. Since

I «(y, c) | S I    *(y - z, c) | daiz) I,
J _oo

we conclude from (6.6), with Xi =x —y, Xt = y — z, t\=t, t2 = c, that

(c -j-   A 1/2    /.oo

-)       I     *(x - z, / + c) | daiz) |   < oo
47TC/  /        J _„
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for each fixed (x, /) in 0 </< oo. With (6.7) it is easy to show that

uiy, c)kxix - y,t) = o(l)

as |y[—»», and integration by parts in (6.5) yields

u,(x, t + c)=  I    kx(x - y, t)uv(y, c)dy.
J-OO

The proof for (6.2) is then completed as before.

Both (6.1) and (6.2) have physical interpretations, if we think of u as

the temperature, on an absolute scale, of an infinite insulated rod with unit

cross-section and unit thermal diffusivity. For (6.1), suppose that at time

t = c the total heat in the rod is finite and equal to A, i.e.

/u(x, c)dx = A.
-oo

Then it follows that the amount of heat which crosses any fixed section of the

rod, in the time interval cg/<co, never exceeds .4/2. For (6.2), suppose

that at time t = c the temperature variation along the rod is bounded and

equal to A. Then at each section of the rod the temperature variation in time,

for c^/< oo, never exceeds A/2.
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