THE BOUNDARY BEHAVIOR AND UNIQUENESS OF
SOLUTIONS OF THE HEAT EQUATION

BY
F. W. GEHRING(")

1. Introduction. In this paper we consider some questions on the bound-
ary behavior and uniqueness of solutions of the one-dimensional heat equa-
tion in the infinite strip 0 <¢<c¢ and in the half plane 0<¢< «. For con-
venience we adopt the following notation.

Suppose that u =u(x, t) is defined over some domain 8 in the x¢-plane. We
say that «&€H in § if » has continuous second partial derivatives and if
U¢=1u,, at each point of 8. We say that ¥ € H* in § if, in addition, #=0 in
6 and that ¥ € H* in 8 if u =wu; —u, where u;, u;EH* in 8. Clearly H+C H.

By a well known theorem due to Widder [19] € H? in 0<¢<c if and
only if # has the representation

(1.1) ut, ) = [ “hx = 3, Dda)

in 0<¢<c, where a=a(x) has bounded variation over each finite interval,
where the integral is absolutely convergent in this strip, and where k(x, )
is the Poisson kernel

e—z’/dl.

k(x, 1) =

(4m)ri2
(See also [7].) If we assume, as we clearly may, that a is normalized, i.e.
a(x + 0) + a(x — 0)

1.2 =
(1.2) a(x) 5
for all x, then
z
(1.3) a(xs) — a(x;) = lim f u(y, Hdy
t—0+ ET

for all x;, x;. (See [3] or [21]. This is also a simple consequence of Theorem
1.) Hence with each ¥ €H?" in 0<¢{<c¢ we can associate an «, unique except
for an additive constant, satisfying (1.1), (1.2), and (1.3). If we think of
u(x, t) as the temperature of an infinite insulated rod, extended along the
x-axis, at the point x of the rod and at time ¢, then a(x) represents the heat
distribution in the rod at time ¢t=0. '
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Solutions of the heat equation and harmonic functions have many similar
properties and in this paper we obtain the analogues, for functions in H2
over 0 <t <, of several well known theorems concerning functions which are
harmonic in a half plane or, alternatively, which are harmonic in the unit
circle. In §2 we consider various forms of the Fatou theorem and obtain
information on the behavior of u(x, t) as (x, t) approaches (xo, 0) from in-
formation on the behavior of a(x) near xo. A simple example shows that, in
general, it is not possible to invert the results of §2 and obtain information
on the behavior of a(x) near xo from the behavior of #(x, t) near (x,, 0). How-
ever, in §3 and §4, we restrict our attention to the important subclass of func-
tions in H* and we obtain the “corrected converses” or Tauberian theorems
corresponding to the Abelian theorems of §2. (For functions in H2 and in H*
over 0 <t < « we establish analogous relations between the behavior of u(x, t)
as t— and the behavior of a(x) for large x.) In §5 we list some uniqueness
theorems and in §6 we give an analogue for an inequality due to Fejér and
F. Riesz.

2. Fatou theorem. For each a>0 we let S(a, xo) and P(a, xo) denote, re-
spectively, the following sector and parabolic domains:

S(a, x0) = {(x, R ]x—xo| <att>0},

P(a,x0) = {(x,0): | x — x| < at'2t> 0}.
From the identity
© n 1 n+41
f k(x,t)dx=-—I‘( ), n>—1,
| 2012 wli? 2

it is not difficult to show that, for each a >0, there exists a constant C; = Ci(a)
< o such that

© o C
@0 [ Ime-solaysc, [mae-nolas o

1/2

for all (x, t{)EP(a, 0).
For functions in H2 we have the following “localization” theorem.

LEMMA 1. Suppose that uE H? in 0 <t<c and that d>0. Then, for each x,

1
(2.2) k(x — v, )da(y) = o(1), f ko(x — 9, )da(y) = o( arn )

ly—zol>d ly—=zol>d

as (x, £)—(xq, 0), t>0, and
1
k(x — y,t)d = O(——),
f|u—zol<d ( 3, da(y) /e

1
f k(x — v, da(y) = 0(—)
ly—zgl<d {

(2.3)
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as t— o, uniformly in x.

Proof. For the first part of (2.2) fix 0 <b<c. The inequalities Ix—xo|
<d/2, |y—xo| >d, 0<t<b/8 imply that

k(x — y,8) < e~ 132tg= @Y1 = Cok(d, 81)k(xo — ¥, b)

(4mr)112

where C,=(32rb)!/2. Hence we obtain
b 5, nae| 5 ok 30 [ htzo = 3,00 e
ly—2ol>d —c0
for lx—xo| <d/2, 0<t<b/8, and, since k(d, 8t)—0 as t—0, the desired con-

clusion follows directly. A similar argument yields the second part of (2.2),
and (2.3) is an immediate consequence of the inequalities,

(2.4) k(z, ) < | ka(x, )| <

(4x)112’ (4m) 1

for all (x, ¢) in 0<t< .
Functions in H* satisfy the following order condition near the line £=0.

LeMMA 2. Suppose that uS H? in 0 <t<c. If o is continuous at xo, then

@.5) - ou(x, f) = o( ;/2 ), U (%, 1) = o(;‘1—>

as (x, £)—(x0, 0), t>0. If a has a jump of \ at x,, then, for each a >0,

A 1
(2.6) u(x, t) ~ (4‘”)”2; u(x,8) = 0(7)

as (x, )—(x0, 0), (x, ) ES(a, xo).

Proof. If « is continuous at xo, we can find a d>0 such that

[ el <«
ly—zolsd

Next we can differentiate both sides of (1.1) [19] and, with (2.2) and (2.4),
we conclude that
€

ECU e

€ 1
+0(1), |wx9| = it o( o )
as (x, t)—(x0, 0), t>0. Hence (2.5) follows. If a has a jump of \ at x,, we
write a =a.+a;, where a, is continuous at xo and where «; is constant except
for a jump of N at xo. Then
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utn) = [ k(e — 9, Ddas(y) + Me(x — %0, 0),

and (2.6) follows from (2.5).

We consider next the following two versions of the Fatou theorem for
functions in H2. The (x, £)—(xo, 0) parts of each of these results are known
[15] but proofs are included for the sake of completeness. We let Da(xo)
denote the symmetric derivative of « at x,, i.e.

Da(zy) = lim 2T H —alm = 1)
0 2h

THEOREM 1. Suppose that u©S H? in 0<t<c. If Da(x,) =A, then, for each
a>0,

(2.7 u(x, t) - 4
as (x, t)—(xo, 0), (x, t) ES(a, xo). Suppose that uSH* in 0<t< . If

alxg + x) — a(xg — x)
2x

— 4

as x— o, then u(xo, t) > A as t— o,

THEOREM 2. Suppose that uS H® in 0<t<c. If a'(x¢) =A, then, for each
a>0,

(2.8) u(x, 1) — A4, wa(x, 1) = ,,(_1__)

tllz
as (x, t)—(x0, 0), (x, ) EP(a, xo). Suppose that uCH* in 0<t< ». If
a(xo + x) — a(xo) Ny
x

as |x| — , then, for each a>0, (2.8) holds as t— », (x, t) EP(a, xo).

Proof of Theorem 1. If we replace a(x) by a(x) —a(x,) and x by x —x,, we
see we can assume that a(x,) =0 and that xo=0. The hypotheses for the
first part of the theorem are then that

a(®) —al—x)

2.9 A
(2.9 »
as x—0+. If we let
1
(2.10) 2 =19 5= o B(z) = a(y) — a(—y),

we can write
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(2.11) (0, 1) = f_:k(y, Hda(y) = <%>m fo " edg(a).

Because of (2.2), we can assume that a(x) is constant for large x and hence
that the Laplace integral in (2.11) converges for 0 <s< . From (2.9) we
see that

B(2)

zll2

(2.12) —24

as 2—0+, and applying a well known Abelian theorem for the Laplace trans-
form [20, p. 182] we conclude that

(2.13) <—S-)m f " i) — 4

as s— ., Hence
u(0,8) — 4

as t—0+, and the convergence in S(a, 0) is an immediate consequence of
Lemma 2.

The hypotheses for the second part of Theorem 1 imply that the Laplace
integral in (2.11) converges for 0 <s< » and that (2.12) holds as z— .
Appealing to the same Abelian theorem we obtain (2.13) as s—0-4 and this
completes the proof.

Proof of Theorem 2. As in the proof for Theorem 1 we can assume that
a(x¢) =0, xo=0. Furthermore, since

u(e, 0 = [k = 3, 0dlaty) - A5} + 4,

we need only consider the case where 4 =0.
The hypotheses for the first part of Theorem 2 imply we can find a d>0
such that

(2.14) |a(®)| < €| x|, e> 0,
for |x| =d. Then (2.2) and an integration by parts yield

umo=—f ky(x — 3, Da(y)dy + o(1),

lylsd

(2.15) .
u,(x, t) =4 kw(x - l)a(y)dy + 0(——)

lulsd ;e

as (x, £)—(0, 0), t>0. Appealing to (2.14) and (2.1), we conclude that
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lu(e, O] <e f | yho(x — 3, )| dy + o(1) £ €C1 + o(1),

® 1 eCy 1
| wa(x, ) | éff |ykw(x—y,t)|dy+O(W)éﬁ-l'o(;;;)

—0

as (x, £)—(0, 0), (x, t)EP(a, 0). This completes the argument.

The hypotheses for the second part of Theorem 2 imply that (2.14) holds
for lxl =d. From (2.3) and integration by parts, we obtain (2.15) as t— o,
uniformly in x, with the integration taken over the range | yl 2d. The proof
is then completed as before.

We will require the following results in §§3-4 and in §5, respectively.
They can be obtained with trivial modifications of the argument used in the
proof of Theorem 2.

COROLLARY 1. Suppose that uc H* in 0<t<c. If

2.16) al®o + ) — al®) _ oq)
X

as x—0, then, for each a>0,

(2.17) w(x, ) = 0(1), iz, t) = o(—l-)

t1/2

as (x, t)—(xo, 0), (x, t)EP(a, x0). Suppose that uE HA in 0<t< . If (2.16)
holds as Ix] — o, then, for each a>0, (2.17) holds as t— =, (x, t) EP(a, xo).

COROLLARY 2. Suppose that ucH® in 0<t<c. If o' (x0) = »© (— ), then
u(xo, t) > ®© (— )
as t—0+.

3. Converses for the Fatou theorem. We begin with an example which
shows that, in general, Theorems 1 and 2 cannot be inverted (cf. [12, p. 246]).

THEOREM 3. There exists a function u S H” in 0 <t< o such that, for each
a>0,

1
3.1 u(x,t) — 0, u:(x,8) = o(m)

as (x, £)—(0, 0), (x, )EP(a, 0), and as t— =, (x, t)EP(a, 0), and such that

a(x) — a(—x) < lim Supoz(:!c) — a(—x)

3.2 lim inf
2x 2x

as x—0+ and as x— =,
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Proof. Let a be the normalized function defined as follows:
2 2" < x < 2% + by,
a(xr) ={2»' x=2"2"4+0b, n=0+1,+2, ...
0 everywhere else.

The b, are chosen so that 0 <b, <2" and so that

(3.3) D 2, < .,

N==—0o0

Then (3.2) holds as x—0+ and as x— . With the Law of the Mean we ob-
tain

Ld

G4 wwn- [ “kx — 5, daly) = 3 2hakalx — 3 ),

where 27 <y, <27+b, <27+, Fix a>0. It is not difficult to see that

1
k(=290 =— k(-] <=
(z,0)€P(a,0) 4 (z,1)eP(a.,0)

for each 0. Hence for (x, {) EP(a, 0) we have
| k(2 — yn, I)I < s I ka(%— Y, t)| = 4 sup | k(x — 277y, t)l

(z,t)€P(a,0) (z,t)€P(a,0)
3.5
( ) § 4—n sup |kz(x -9, l) | = 4 C's
(z,0€P(a,0);1<¥ <2
forn=0, +1, +2, - - -, where Cs=Cjs(a) < . From (3.3) and (3.5) we con-

clude that the series in (3.4) is uniformly convergent in P(a, 0). Since
kz(x — yn, ) >0

as (x, £)—(0, 0), £>0, and as t— , uniformly in x, the first part of (3.1)
follows directly. The above argument can be modified to show that the series

N20,(0, ) = 3 2%0u8M2k0(x — Zny f), 20 < 2, < 2% + by

Na=—00

is uniformly convergent in P(a, 0), and the second part of (3.1) follows from
the fact that

M2 (x — 2., ) >0

as (x, £)—(0, 0), t>0, and as t— «, uniformly in x.

Theorem 3 shows that the unrestricted converses for Theorems 1 and 2
are false. However, if we consider the important subclass H*, the situation is
quite different and we have the following results. (Cf. [6] and [12].)
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THEOREM 4. Suppose that uC H* in 0<t<c. If, for some a,
(3.6) u(xo+ at, t) > A
as t—0+, then Da(x,) =A. Suppose that uC H* in 0<t< . If
u(x0, t) > A
as t— <, then

a(xo + x) — alxy — x)
2x

— A

as x— o,
THEOREM 5. Suppose that u€ H+ in 0 <t<c. If, for some a and b,
3.7 u(xo + at'’? 1) — A, u(xo + b¥/2t) — A, a # D,

as t—04, then o’ (xo) =A. Suppose that uC H* in 0 <t < . If, for some a and
b, (3.7) holds as t— o, then

a(xo + x) — a(xg) .

X

(3.8) 4

as |x| > .

THEOREM 6. Suppose that uS H+ in 0<t<c. If, for some a and b,

1
(3.9) u(xo + 011/2, l) b A, u,(xo + btl”, t) = O(W)
as t—0+, then o' (xo) =A. Suppose that uC H* in 0 <t < «. If, for some a and
b, (3.9) holds as t— =, then (3.8) holds as |x] — 0,

Proof of Theorem 4. Assume that a(x,) =0, xo=0, and consider the first
part of Theorem 4. From (3.6) and Lemma 2 we see that

#(0, t) — A

as t—0+. Now define z, s, 3, as in (2.10). The hypothesis that » & H* implies
that B is nondecreasing and, with (2.2), we can assume that the Laplace
integral in (2.11) is convergent for 0 <s< ». From the above we conclude
that (2.13) holds as s— « and we obtain (2.12), as z—0+, from a well known
Tauberian theorem for the Laplace transform [20, p. 192]. This completes
the proof for the first part of Theorem 4. The argument for the second part
is very similar.

The proofs for Theorems 5 and 6 are more complicated and depend upon
a number of preliminary results.

We begin with some definitions [8]. We say that f&€ M if f is continuous
in 0<x< o and if
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i max | af(x)| < oo.

ne—co 2PSTS20H,

For such functions we adopt the notation
(3.10) FW = [ e, F = FO),
0

where u is real. We say that « © V if a has bounded variation over each finite
interval in 0 <x < « and if
f | da(y) |
z y
is bounded for(?) 0 <x< .
We have next the following variant of the Wiener Tauberian theorem

[6, Corollary 1].

LeEMMA 3. Suppose that fi, fo, g1, 82E M, that a, BE V, that ., B are monotone,
that a(0) =B(0) =0, and that

(3.11) Fi(u)Gs(p) — Fa(u)Gi(u) = 0
for all real . If

1 b 1 ©
~ f 1i(3/9)da(5) + — f Fiy/5)dB(3) — 4,

1 > 1 p-
= fo gx(y/s)da(y)+? fo g2(y/5)dB(y) —» B

as s—0+ (o), then
a(x) AGz _ BFz ﬁ(x) BF[ bt AGl
-_ » -
X Fle—FzGl X Fle—FzGl

as x—0+ ().

In the proof of Theorems 5 and 6 we use the following result to show that
condition (3.11) is satisfied for a special set of functions.

LEMMA 4. For real x and u let

0:(x) = 0u(x, ) = f e yindy,
0

o

02(x) = 0x(x, ) = f e ) yingy,
0

(%) If f€ M and « € V, then the integral [f(x)da(x) is absolutely convergent. In particular
if f € M, then f is Lebesgue integrable over 0 <x < .
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Then, for each fixed u,

(3.12) 601(a)8>(b) — 0:(a)81(b) ¥~ O
for all a and b, ab, and
(3.13) 01(a)0: (b) — 62(a)6{ (b) # O

or all a and b.
Proof. If w=w(x) is any solution of the differential equation
(3.19) w"’ + 2xw’ — 2iuw = 0,

then a standard calculation yields
b b b
ez’«ww'] =f e | w' |2dx + 2i,;f e | wlidx

for real @ and b, where the bar denotes complex conjugate. (Cf. [10, p. 509].)
If w is a nontrivial solution of (3.14) with w(a) =0, then

R{m(b)w' (b)} = f bex’l v |2dx > 0,

where R(z) denotes the real part of the complex number z. We conclude that
w has a as its only real root and that w’ has no real roots at all.

Now suppose that (3.12) does not hold for some ab. Then we can find
a nontrivial pair of constants 4 and B such that

(3.15) w(x) = A6:,(x) + Bb:(x)

has real roots at a and b. By differentiating under the integral sign it is easy
to verify that w, as defined in (3.15), is a solution of (3.14). Hence, by the
previous argument, w=0. But this is clearly impossible since, for x=0, the
Wronskian of 6; and 6, is simply

—26,(0)8! (0) = — r(l -'; i")r(l + ;—“) = 0.

Similarly if (3.13) does not hold we can find a nontrivial pair of constants 4
and B such that w, as defined in (3.15), has a root at @ and such that ' has
a root at b. Again this implies that w=0 and we obtain a contradiction as be-
fore.

Finally we require the following partial converse for Corollary 1.

LEMMA 5. Suppose that u€S H* in 0<t<c. If, for some path yCP(a, xo),
(3.16) u(x, ) = 0(1)
as (x’ t)—’(xm 0)1 (xﬂ t) 67» then
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(3.17) alwo t 5) = @) _
X

as x =0. Suppose that uC H* in 0 <t < . If, for some path vy CP(a, %), (3.16)
holds as t— =, (x, t)E"y, then (3.17) holds as |x| —®,

Proof. Assume x0=0. Then (x, t)EP(a, 0) and |y| <t'? imply that

e~ (+a) e — Ca
(4xt)1/2 24112

where Cy=C(a) >0. Since u € H*, a is nondecreasing and we obtain

a(t'?) — a(—21?) 1 "
61y 05T s~ [ ke-y0dely) S
for (x, t) &y C P(e, 0). Both parts of the lemma follow from (3.16) and (3.18).
We consider now the proofs for Theorem 5 and Theorem 6.
Proof of Theorem 5. We begin with the first part of Theorem 5. Let
a(x0) =0, x9=0, and, for convenience, replace ¢ by 2¢ and b by 2b in (3.7).
Then we can write

k(x s t) =

u(x, 1)

4

0

f " e-[(y/zq’)—a‘/’da(y) = i _1- e‘l(v/')‘“l’da(y)

u(2atV%, 1) =
! s wizd_

(4w)12

1 o 1 p=
= — [ nt/iat) + - [ 1619080,
where s =212, 8(x) = —a(—x), and

e Gta)?,

—(z—a)? =
) € ’ f2(x) /2

filw) =
Similarly, we can write
1 po 1 pe
w(@ir, ) = — [ gio/9dats) + ~ [ a6/,
L) 0

where s and 8 are as above and where

e g2(x) = e—(@+d)?,

1r1/2 11/2

gi(x) =
The hypotheses (3.7) now imply that

1 © 1 ©
~ [ h6/9dat) + = [ “rto/s)is) - 4,
(3.19) s e e

1 ° 1 i
~ f 8(0/9daly) + — f £2(3/)d8(3) — A
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as s—0+4. To complete the proof we will show that Lemma 3 can be applied
to (3.19).

Since fi, f2, &1, g2 are continuous in 0=x < « and are O(1/x?) for large x,
it follows that all of these functions are in M [8, p. 299]. Obviously & and 8
are monotone and a(0) =8(0) =0. From (3.7) and Lemma 5 we obtain

fh [ de)| _ o2) o) _
(3.20) A g ’
fh 8| al=m) —al=20)
z y X

for 0 <x =d, and, appealing to (2.2), we see we can assume that (3.20) holds
for 0 <x < «. Hence a, B& V. Using (3.10),

Fi(u) =

61(a),  Falw) =

1rl/2 1r1/2

02(0))

1
Gi(w) = gy 0:(b), Ga(p) = 05(b),

7l'1/2
for each real u, where 6, and . are as defined in Lemma 4, and hence
F1(u)Gao(p) — Fo(u)Gi(u) #= 0
by (3.12). Finally since
FiGy — Fa2Gy = Fy — Gy = Gy — Fy,
we can apply Lemma 3 to (3.19) to conclude that

o« o zel=n 8@
x x X

(3.21) 4

as x—0+, and hence that o/(0) =4.

For the second part of Theorem 5 proceed as before. The hypothesis (3.7)
now implies that (3.19) holds as s— «, and, with Lemma S, we obtain (3.20)
for d<x < . Then (2.3) allows us to assume that (3.20) is valid for 0 <x <
and again «, & V. The proof is then completed by appealing to the s, x—
part of Lemma 3.

Proof for Theorem 6. Let a(xo) =0, x0=0, and replace a by 2a and b by
2b in (3.9). Then arguing as before and differentiating under the integral
sign in (1.1) we obtain

1 o i ®
w(2at ) = — [ nor9dat) +— f Faly/$)dB(),

1 = 1 p
112y, (264112, f) = — f g(y/s)da(y) + " f g2(v/5)dB(y),

0 0
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where s =212, B(x) = —a(x), and where
fi(x) = _1_ —(z—a)? (x) = —(z+a)?
1) = /2 ! Jlx) = 7'.1/26 ’
x—b x+ b
= —(@—b)* = — —(z+b)?
Be) = S eV ) = = o e

The hypotheses for the first part of Theorem 6 then imply that

1 - 1 re
(3.22) ?fo G Tfo JORBO) = 4,

1 °© 1 ®
?Lgmmmw+7ﬁgmmwmao

as s—0+. Now fi, fo, g1, geare in M, e and 8 are monotone with «(0) =3(0) =0,
and the argument of Theorem 5 shows we can assume that o and 8 are in V.
Since

Fi(u) =

01(0) ) F?(N) =

1rl/2 7r1/2

02(0‘) ’

Gi(u) = 0/ (8),  Galw) =

212 2r12 %)
we see from (3.13) that
Fr(u)Ga(p) — Fo()Gr(u) # 0
for all real u. Hence we can apply Lemma 3 to (3.22) and, since
F\G: — F:Gy = G = — Gy,

we conclude that (3.21) holds as x—0+. This completes the proof for the first
part of Theorem 6. The proof for the second part follows similarly.

4. Additional remarks. In the first part of Theorem 4 we ask that u—A4
as (x, t)—(xo, 0) along one ray. In the first part of Theorem 5 we ask that
u—A as (x, £)—(xo, 0) along two different parabolic arcs, i.e. the curves

x = x + atl’? x = xo + bt'? a # b.

The following example shows that two arcs are required in the hypotheses of
Theorem §.

THEOREM 7. Given any fixed number a, there exists a bounded uE H* in
0<t< o such that

u(at!’?, f) =1
for 0<t< o and such that, for each b>a,
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lim inf #(b¢/2, £) < lim sup u(b'/2, ¢)
as t—0+ and as t— .

Proof. For convenience replace ¢ by 2a and b by 2b. Then let fi, f2, g1, g2
be as defined in the proof for Theorem § and, using (3.10), let

xl’y+l
= RIF R
als) = x + {zo‘)iﬂ - 1}

—a(—2) = = = R{FW 1.:"‘:1}

for 0=x < =, where u0 and where R(z) again denotes the real part of the
complex number 2. Since
f ey < 1,
0

| Fiw) | =

1rl/2

1 0
WMH§—~IKMWM<L
0

7rl/2
we see that 0 <a’(x) <2 for x50, and hence that
) = [ M= 3, 0da) = [ ke = 5,020y

is bounded and in Ht over 0<t< «. Following the proof for Theorem 5 we
have

1 Al 1 ®
w(aaih, ) = — f Sily/s)daty) = — f faly/s)da(—9)

Fa(u)
s

p R{ / fy/yay — F—:"l ) °°ﬁ(y/s)y-'»dy}

1+ R{s#[Fa(u)F:1() — F1(w)Fa(u)]} = 1
for 0 <t < o, s=2¢¥2 Similarly

Il

1 ® 1 ®
(2Bt ) = — f £1(y/9)dals) - — f ga(y/5)der(—7)

=1 + R{s*[F2()Gi() — F:1()Ga(w)]}
for 0 <t< . Since b#a, (3.12) yields
H(u) = Fa(u)Gi(n) — Fi(p)Gea(n) #= 0,

and we conclude that
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lim sup #(2b:'/2, {) — lim inf %(2b¢'/2, ¢) = 2| H(u) I >0

as t—0+ and as t— «. This completes the proof for Theorem 7.

It is clear, in the above example, that &’(0) does not exist and that
a(x)/x does not have a limit as |x| — o, Moreover, if we fix a0, it is easy
to see that Da(0) does not exist and that

a(x) — a(—x)
2%

does not have a limit as x— «. Hence we conclude that, when a0, the
hypothesis

u(xo + at, t) > A as t — 0+,
in the first part of Theorem 4, cannot be replaced by the hypothesis
u(xo + atV/?, t) —> A as t — 0+.

When E is any set in the x¢-plane, we let E,; denote the part of E which is
contained in the half plane t=¢. If we make use of the following maximum
principle (see [7] or [17]) for functions in H, we can replace the two para-
bolic arcs in Theorem 5 by more general curves.

LEMMA 6. Suppose that u€ H in a bounded domain & with boundary 7.
Given any c, if
limsup #(x,8) = 4 (x,t) €5,

(z,8)—(z,,1))
for all (x1, ) Ey., then u<A in §,.

Here, and in what follows, we let D=D(x,) denote an infinite domain
bounded by two disjoint arcs in 0 <t < « which terminate at the point (x,, 0)
and which cross the line t=¢ for each 0 <c< «. We assume further that D,
is bounded for each such ¢ and we let I'=T'(x,) denote the boundary for D.

THEOREM 8. Suppose that u€ H in 0 <t <c and that, for some 0 <b<c, u is
bounded in D,. If

(4.1) uw(x, t) > A

as (x, )—(xo, 0), (x, t)ET, then (4.1) holds as (x, t)—(xo, 0), (x, t) ED. Sup-
pose that u€ H in 0<t< « and that, for some b>0, u is bounded in D — D;.
If (4.1) holds as t— =, (x, t)ET, then (4.1) holds as t— =, (x, t)ED.

Proof. Consider the first part. For each ¢>0 we can find ¢ >0 such that
|u—A| <M in D, and such that

4.2) | w(x, 1) — 4| S e
for (x, t)ET, (x, ) # (x0, 0). Next for each d>0 let
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v(x, ) = u(x,t) — 4 - M k(x — v, t)dy.

ly—zolsd

Clearly v&H in 0<t<c. From (2.2) of Lemma 1 we see that

f B — 3, Ody— 1
ly—xolsd

as (x, t)—(xo, 0), >0, and, with (4.2), we obtain
lim sup o(x,¢) < e (x, ) € Da,

(z,t)—-(:l,ll)

for all (x1, 1) El.. Applying Lemma 6 to v yields

wx, ) S A+e+ M k(x — y, dy
ly—zolsd
for (x, t)ED,, and letting d—0-+ we obtain u<A4 4e€ in D,. A similar argu-
ment gives u=A —e in D, thus completing the proof for the first part of
Theorem 8.

For the second part pick >0 so that |u—A| <M in D—~D, and so that
(4.2) holds for all (x, {) €T’ —T'.. Let v denote the boundary for D —D,. Since
D, is bounded we can find a d >0 such that +,, the part of v contained in the
line ¢t =a, lies between the lines x = +d. Now set

o(x,8) = u(x,t) — A - M k(x — y, ¢ — a)dy.
lyl £d

Then v& H in a<t< =< and, again with (2.2), we see that for each |x1l <d,

f k(x —y,t — a)dy > 1
lyl =d

as (x, t)—(x1, a), t>a. Since v =v,\J(I'=T,) we conclude that
lim sup (%, f) = e (%, ) © D — Dy,

(z,0)>(z.,2))

for all (x;, &) Ey. If we apply Lemma 6 to v over D, —D,, a <c< =, and then
let c— =, we obtain

ulx, ) < A+e+ M k(x — 9,1 — a)dy
lylsd

for (x, ) ED —D,. A similar argument yields

ulx,) 2 A —e— M k(x — y,t — a)dy

lylsd

for (x, ) D — D, and since, by (2.4),
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—0

|f|,,|§dk(x — 9y, t—a)dy| = = a1t

as t— o, uniformly in %, |« —A4| £2ein D —D, for some ¢>a. This completes
the proof for the second part of Theorem 8.

The Phragmén-Lindelof type argument used in the proof of the first
part of Theorem 8 can be combined with a familiar step-by-step argument to
give the following variant of Lemma 6.

COROLLARY 3. Suppose that u is bounded above and that u& H in a bounded
domain & with boundary v. Given any c, if

lim sup u(x, f) < 4 (%, 1) € b,

(z,0)>(z,, 1))
for all but a finite set of (x1, t) Eye, then u=< A4 in §..
We can now prove the following extension of Theorem 5.

THEOREM 9. Suppose that D(x,) CP(a, x0), for some a>0, and that D con-
tains two parabolic arcs through (xo, 0). If uC H* in 0 <t<c and if

(4.3) w(x, ) — A

as (x, £)—(xo, 0), (x, ) ET, then o (x0) =A. If uCH* in 0<t < 0 and if (4.3)
holds as t—«, (x, t)ET, then

a(xo + ) — a(x) .

X

A

as le — o,
Proof. The hypotheses for the first part of Theorem 9 imply that
4.4 u(x, £) = O(1)

as (x, t)—(xo, 0) along some path in P(a, x¢). From Lemma 5 and Corollary 1
we conclude that (4.4) holds as (x, t)—(x., 0), (x, t)EP(a, xo), and hence
that « is bounded in D, for some 0 <b <c. With Theorem 8 we see that (4.3)
holds as (x, £)—(xe, 0) along the two parabolic arcs in D and the desired
conclusion follows from Theorem 5. The proof for the second part is very
similar.

COROLLARY 4. If, in Theorem 9, u is bounded, we can drop the restriction
that D(xo) lie in some P(a, xo).

This is an immediate consequence of the above argument since this re-
striction is used only in proving that « is bounded in D; or in D — Dj. On the
other hand, without boundedness it is clear that some such restriction is
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necessary. For if we let D be the domain bounded by the curve x*=¢ and set
u(x, t) =k(x, t), then

u(x, 1) —0

as (x, t)—(0, 0), (x, t) ET'. But the normalized « is constant except for a jump
of 1 at x=0 and &'(0) = .

We conclude this section with a pair of remarks on steady state tempera-
tures which are trivial consequences of some of the preceding results.

COROLLARY 5. Suppose that uC H* in 0 <t< ». If, for some x,,
4.5) u(xo, t) > A
as t— x, then, for each a >0,
(4.6) u(x, ) > A
as t— o, uniformly in x in | x—x,| <a.

COROLLARY 6. Suppose that uS Ht in 0 <t < « and that, for some 0 <c < =,
u(x, ¢) is monotone in x. If, for some x,,

4.7 u(xo, £) = O(1)

as t— «, then there exists a constant A such that, for each a>0, (4.6) holds as
t— o, uniformly in x in |x—xo| <a.

Proof for Corollary 5. From (4.5), Lemma 5, and Corollary 1 we see that,

for each a >0,
_ 1
u(x, 1) = O(————tm)

as t— o, (x, t)EP(a, xo). Thus when |x—xo| <a, t>1, we have

Cs
I u(x, t) — u(xo, t)l < t17’

where Cs=Cs(a, u), and the desired conclusion follows from (4.5).
Proof for Corollary 6. Let xo=0 and set v(x, ) =u(x, t+c). Then vEH*
in 0<t< « and, with (1.3),

o) = [ Ha—20d80), B = f "4y, )dy.

If u(x, ¢) is nondecreasing or nonincreasing in x, it follows that B(x)/x is
nondecreasing or nonincreasing, respectively, in x, x#0. Next (4.7) and
Lemma 5 imply that 8(x)/x is bounded as |x| — o, We conclude that
B(x) — B(—x)
2x
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has a finite limit 4 as x— « and hence, with Theorem 1, that
u(0,1) — A4
as t— . The rest follows from Corollary 5.
In Corollary 6 we replace (4.5) by the weaker (4.7) and ask that the
temperature be monotone at some time ¢ =c. Some such additional condition

is necessary. For let » be the bounded function of Theorem 7 with a0 and
b=0. Then (4.7) is satisfied,

lim inf %(0, ) < lim sup %(0, /),

t— o t—w

and, with Corollary 5, we see that

lim inf %(xo, #) < lim sup #(x,, )

t— o t— o

for all x,.
5. Uniqueness theorems. We consider here some one-sided uniqueness

theorems for functions in H over 0<¢<c. We begin with the following pre-
liminary result.

LEMMA 7. Suppose that o has bounded variation over each finite interval, that
(5.1) a(x — 0) 2 a(x) Z a(x + 0)

for all x, and that o (x) <  for all x, except an enumerable set, at which the
derivative exists. Then

a(x:) — a(x) < f o (x)dx
for all x1, xs, %, <xo.

Proof. This is an immediate consequence of the de la Vallée Poussin de-
composition theorem [16, p. 127]. For let I denote the open interval x; <x <x3,
let X denote the points in I where « is continuous, and let

E,= {x:0/(x) = »,x € X}, E,={xd@=— v,z X}

If u=p(E) denotes the signed measure corresponding to «, then the de la
Vallée Poussin theorem yields

(5.2) w(X) = u(Ea) + u(E-) + fxa'(x)dx.

By hypothesis E,, is at most enumerable and hence u(E,) =0. Clearly u(E_,,)
<0 and, from (5.1), we see that
(5.3 u) = p(I — X) + u(X) = u(X).

Since I—X is enumerable we can combine (5.1), (5.2), and (5.3) to obtain
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alws) — alx) S wl) < f ol (x)dx

1

as desired.

The following theorem extends results of Rosenbloom [15] and Widder
[19] and is a one-sided analogue of a theorem on harmonic functions due to
Lohwater [11].

THEOREM 10. Suppose that uC H in 0<t<c. If
(5.4 lim u(x, f) < o
-0+

for all x at which this limit exists and if (%)

(5.5) lim u(x, ) £ A

t—0+
for almost all x, then u=<A in 0<t<c.

Proof. If o has a jump of N\ at x =x,, then, by Lemma 2,

u(xoy t) ~ (41rt)”2

as t—0-, and, with (5.4), it follows that A <0. Hence, assuming that « is
normalized, (5.1) holds for all x. Next suppose that « has a derivative, finite
or infinite, at xo. Then, with Theorem 2 and Corollary 2, we see that

lim %u(xo, {) = o(x0),
t—0+

and we conclude from (5.4) that o’(x) < » for all x at which this derivative
exists. From (5.5) we obtain a'(x) £4 for almost all x. Lemma 7 yields

a(xy) — a(x) = fna'(x)dx < A(xe — x1)

for all x;, x2, x; <x2, and we conclude that

ute,) = [ “k(x = 3, )daly) < 4 ] b — y, )y = 4

in 0<t<ec.
The following is an immediate consequence of Theorem 10.

COROLLARY 7. Suppose that uS H* in 0<t<c. If

lim u(x,?) = A
t—o+
(* Since « has a finite derivative almost everywhere, the limit in (5.5) exists for almost
all x by virtue of Theorem 2.
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for all x, then u=A4 1 0<t<c.

Theorem 10 can also be used to obtain the following one-sided version of a
well known theorem due to Tychonoff [18].

THEOREM 11. Suppose that uc H in 0<t<c. If

(5.6) u(z, 1) £ Me®, M>0a>0,
for all x, 0<t<c, and if
5.7 liminf u(x, £) < 4

-0+

for almost all x, then u=<A in 0<t<ec.

Proof. Let b=Min (1/4a, ¢) and let
(5.8) oz, f) = __L_ o5’ (1—4at) _
(1 — 4ar)t/?
Then v, v—u € H* in 0<¢<b. Hence € H? in this strip and, with (5.7),
lim %(x, {) = lim inf u(x, ) < 4
t—0+ -0+
for almost all x. From (5.6) we see that

lim u(x, f) £ Me*' <
t—0+

for all x at which this limit exists and, appealing to Theorem 10, we conclude
that #<A4 in 0<t<b. If b<c, the proof is completed by a familiar step-by-
step argument [18].

COROLLARY 8. Suppose that ucH in 0<t<c. If (5.6) holds for all x,
0<t<c, and if

lim u(x, £) = A
-0+

for all x, then u=A4 in 0<t<ec.

Proof. With Theorem 11 we see that #<A4 in 0<¢<c. Hence A —uC H*
and ¥ &€ HA in this strip, and Corollary 7 yields u=A4.

We have next the following one-sided version of a recent theorem due to
Birkhoff and Kotik [1].

THEOREM 12. Suppose that uc H in 0<t<c. If

T2
(5.9) f u(y, )dy < Mestaitd), M>0a>0,

%1

for all x1, xs, %1 <x,, 0<t <c, and if
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z3
(5.10) lim inf f u(y, t)dy = A(x2 — x1)
"‘0+ z)

for almost all x,, x2, %1 <xXs, then u<A in 0<t<c.

Proof. By the last hypothesis we mean that (5.10) holds for all x;, x. G E,
x1 <x;, where E is a set of measure zero in the x-axis. For each £>0 let

1 h
wa(x, 1) = Y f u(x + y, )dy.
—h

Then v, €EH in 0<¢t<c and, from (5.9), we see that

w(x, {) £ Nebts'
for all x, 0 <t <c, where N =(1/2h) Me**", b=2a. From (5.10) it follows that

liminf va(x, 8) £ 4

t—0+
for almost all x and, appealing to Theorem 11, we conclude that v,<4 in
0<t<c. Finally

u(x, )= lim v(x, ) £ 4
h—04

in 0<t<c as desired.

With the aid of Theorem 12 we obtain the following extension of the
above mentioned theorem of Birkhoff and Kotik.

THEOREM 13. Suppose that u€H in 0<t<c. If (5.9) holds for all xi, xs,
X <9, 0<t<c, and if

z
(5.11) lim u(y, )dy = A(x: — =)
=0+ J 2
for almost all x1, x4, then u=A in 0<t<c.

In the Birkhoff-Kotik theorem, the one-sided restriction (5.9) is replaced
by a two-sided condition equivalent to the following:

z2
f u(y, t)dyt =< Me“(’}*";), M>0,a>0,
z
for all x;, x,, 0<t<c.

Proof. By Theorem 12 we see that <4 in 0 <t<c and hence that u€ H*

in this strip. Next if we assume, as we may, that a is normalized, then (1.3)
and (5.11) yield

(5.12) a(xs) — a(x) = lim fnu(y, fdy = A(x; — 1)
=0+ J
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for almost all x;, x,. Since (5.12) holds for all x,, x,€ E, where E is dense in the
x-axis, we conclude from a limiting argument that

a(x:) — a(x) = A(x: — x1)

for all x, x;, and hence that u=4 in 0<¢t<c.
The following is an immediate consequence of the above argument.

COROLLARY 9. Suppose that uc H? in 0 <t<c and that E is a set dense in
the x-axis. If

z2
lim f u(y, t)dy £ A(x2 — x,)
‘_’0+ z)

for all x,, x:€E, x, <xs, then u<A in 0<t<c.

We require next the following variant of the parabolic maximum prin-
ciple, Lemma 6.

LeMMA 8. Suppose that uc H in 0 <t<c and that 6 is the rectangle bounded
by the lines x =x1, x =2%,, 1 =0, t =c, where x, <x,. If

(5.13) u(x, ) < A4, ulx, ) A
for 0<t<c, and if, for each non-negative continuous function f(x),
z3 z3
(5.19 timint [ ")ty day = 4 [ sy,
‘_’0+ zy z1

then u<A in é.

Proof. We can obviously assume that 4 =0. Next fix (x, £{)E€d and pick
€¢>0 so that 0 <t+e<c. Then we can write

= t 9G
u(x, t+e¢ = f G(x, t; y, 0)u(y, e)dy + J a— (x, t; x1, s)u(x, s + €)ds
z) 0 y

t 3G
- f — (%, 15 %3, H)u(xs, s + €)ds,
o Oy

where G is the Green’s function

1 x—y t—s 2+ y—2x t—s)}
G(x,t;y,5) = —<6 —9
47, 5) 21{“( u zz> “( 2 e )’

where I =x,—x;, and where 6; is the Jacobi theta function

03(x,8) = 142 X e'v* cos 2umx.

nm=l

(See; [5] or [9] ahd make a change of variables.) Since
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G oG
— (x’ L X1, 5) 2 07 - (x, 5 %, S) = 0;
dy dy

we see from (5.13) that
2
u(x, t + € éf G(x, t; 9, 0)u(y, edy
z)

and, letting e—0-+4, we conclude from (5.14) that

xr2
u(x, £) < liminf G(x, t; 5, 0)u(y, e)dy = 0
€04 z)
as desired.

We consider next the following extension of a uniqueness theorem due to
Cooper [2].

THEOREM 14, Suppose that ucH n 0<t<c and that {x,,} is a sequence,
defined for — o <n< «©, such that x,—> © (— ©) as n— o (— ). If

(5.15) w(xn, 1) < Meoon, M>0a>0,

for all n, 0<t<c, and if u converges weakly to A, over each finite interval, as
t—04, then u=4 1 0<t<c.

In Cooper’s theorem, the one-sided restriction (5.15) is replaced by a two-
sided condition, namely that

| u(x,, l)| =< Me‘”'?, M>0,a>0,

for all n, 0<t<ec.
Proof. Again we can assume that 4 =0. Next let 5= Min (1/4a, c), define
v as in (5.8), and let w=u—v. If we pick x,, <x., then

(5.16) w(xm, 1) = 0, w(xn, 1) =0

for 0<¢<b and, by virtue of the weak convergence,

limint [ f()w(y, Ody < lim f f)uly, Hdy = 0
t—0+ Zm

t—0+ E2

for all non-negative continuous functions f(x). Lemma 8 yields » <v in the
rectangle bounded by the lines x =x,,, x =x,, t=0, £=0, and letting x,— — >,
x,— o we conclude that # <v in the strip 0 <¢<b. Hence # & H?* in this strip.
The weak convergence also implies that

Y2
lim u(y, t)dy = 0
1o+ J oy,

for all v, 92 and, with Corollary 9, we obtain z=01in 0 <¢<b. If b <c, the proof
is completed by a step-by-step argument.
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The preceding argument suggests still another one-sided variant of the
Tychonoff theorem similar to Theorem 11.

THEOREM 15. Suppose that uC H in 0 <t<c and that {x,} is as defined in
Theorem 14. If (5.15) holds for all n, 0<t<c, and if

(5.17) lim sup u(y, ) < 4

(y, 1) —(2,0)
for all x, then u<A 1n 0<t<c.

Proof. Set A =0 and let b, v, and w be as defined in the proof of Theorem
14. Next fix x, <x,; clearly (5.16) holds for 0 <t<b. Then (5.17) implies
that

lim sup w(y, ) £0

(y,t)—(z,0)
for all x and, with Lemma 6, we obtain # <v in the rectangle bounded by the
lines x =x,, X =x,, t=0, t=>5. Arguing as before we conclude that ¥ E H? in
0<t<b and Theorem 10 yields # =4 in this strip.

COROLLARY 10. Suppose that uC H in 0 <t<c and that {x,} is as defined
in Theorem 14. If (5.15) holds for all n, 0 <t<c, and if

lim  u(y,f) = 4

(v, ) (2,0
for all x, then u=A4 in 0<t<c.

6. Fejer-Riesz inequality. We conclude this paper with a heat equation
analogue of the following well known inequality [4] and [14].

FEJER-RIESZ INEQUALITY. Suppose that u=wu(2) is harmonic in |z| <1.
Then, for each 0<p<1,

1 L
fp| (%) | dx £ 7f I ug(pe®) | do.
- —

This inequality has an important interpretation, namely that under any
conformal mapping of the unit disk onto a Jordan domain, the length of the

image of a diameter never exceeds one-half the length of the image of the unit
circle.

The following result suggests a new interpretation for this inequality.

THEOREM 16. Suppose that uSH® in 0<t< . Then, for each 0<c< =,

© 1 0 0
(6.1) f | u,(0, 1) I dt = 7[ | u(x,c) — u(—=x,¢) l dx = El-f | u(x, c) | dx,
c 0 —00

(6.2) fw | .0, ) l dt = %fowl w(x, c) — u(—2, c) I dx < %fwl (%, c) |dx.
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Proof. We begin by considering (6.1) in the special case where, for a fixed
9y, u(x, t)=k(x—y, t). In particular we observe that, with s= |yl /28112

1 e, 1
o S N = 0
6.3) INEZIEE ,l,zfoe ' i
’ 0 y = 0.

For the general case fix 0 <c¢< ». Then, since ¥EHA in 0<t< «©, we can
write

wwi+ o= [ "k — 3, Duly, dy,

where the integral is absolutely convergent in 0 <¢< «. Differentiating under
the integral sign [19], we obtain

6.4) i i+ 9 = [ “he — 9, Duly, )y,

and, with (6.3) and the Fubini theorem, we conclude that

fowl u:(0, 0+ ¢)| dt = fow f_:k,(—y, Huly, c)dyld,

gf('”{ﬁwlk,(y,z>|dt} | 4y, ) — w(=3,9) | dy

l ]
- 7f0 | u(y, &) — u(—y, )| dy.

Hence we obtain (6.1). For (6.2) we can differentiate (6.4) with respect to x
to obtain

(6.5) w(x,t +¢) = fwk,,(x — v, Hu(y, c)dy.

IfO0<t, ta< 0, we obtain

¢ t
(6.6) k@hMMnJQ§<;+2

172
) k(xy + %9, 11 4 1)

wiile

from [13] or direct calculation. Since
40,01 = [ B =50l det@],

we conclude from (6.6), with x,=x—1y, xo=y—z, ti =1, ts=c, that

1/2 ©
6.7) |uly,0)| k(x— 9,0 = (—%;d—t) f kEx — 2,0+ ¢)| da(z)| < »
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for each fixed (x, ¢) in 0 << «. With (6.7) it is easy to show that
u(y, Q)kz(x — 3, 1) = o(1)

as | y[—»oo , and integration by parts in (6.5) yields
ut(x) 4+ C) = f kz(x - t)“v(y; c)d)"

The proof for (6.2) is then completed as before.

Both (6.1) and (6.2) have physical interpretations, if we think of # as
the temperature, on an absolute scale, of an infinite insulated rod with unit
cross-section and unit thermal diffusivity. For (6.1), suppose that at time
t=c the total heat in the rod is finite and equal to 4, i.e.

f u(x, c)dx = A.

Then it follows that the amount of heat which crosses any fixed section of the
rod, in the time interval ¢<¢{< =, never exceeds 4/2. For (6.2), suppose
that at time t=c¢ the temperature variation along the rod is bounded and
equal to 4. Then at each section of the rod the temperature variation in time,
for c<t< », never exceeds 4/2.
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